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Abstract
In this note, it is shown that every Jordan derivation of triangular algebras is a derivation.
© 2006 Elsevier Inc. All rights reserved.
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1. Introduction
Let A be an algebra over R, a commutative ring with unity. Recall that an R-linear map J
from A into an A-bimodule M is said to be a Jordan derivation if J (a2) = J (a)a + aJ (a)
for all a ∈A. It is called a derivation if J (ab) = J (a)b + aJ (b) for all a, b ∈A. Each map
of the form a → am − ma, where m ∈M, will be called an inner derivation. Clearly, every
derivation is a Jordan derivation. The converse is, in general, not true (see [3]). Herstein [9]
showed that every Jordan derivation from a 2-torsion free prime ring into itself is a derivation.
Brešar [4] proved that Herstein’s result is true for 2-torsion free semiprime rings. Sinclair [10]
proved that every continuous linear Jordan derivation on semisimple Banach algebras is a deri-
vation. In [11], the first author proved that every Jordan derivation on nest algebras is an inner
derivation.
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LetA andBbe unital algebras over a commutative ringR, andMbe a unital (A,B)-bimodule,
which is faithful as a leftA-module and also as a right B-module. The R-algebra
Tri(A,M,B) =
{(
a m
0 b
)
: a ∈A,m ∈M, b ∈ B
}
under the usual matrix operations will be called a triangular algebra [2]. It is clear that upper
triangular matrix algebras and nest algebras [8] are in many different ways triangular algebras.
Recently, some problems on triangular algebras have been determined, such as commuting linear
maps [5], Lie derivations [6], commuting traces of bilinear maps and commutativity preserving
linear maps [2] and functional identities [1]. Benkovicˇ [3] described Jordan derivations on trian-
gular matrices over commutative rings and showed that every Jordan derivation from the algebra
of all upper triangular matrices into its arbitrary bimodule is the sum of a derivation and an
antiderivation. It is natural to wonder whether every Jordan derivation from a triangular algebra
into itself is a derivation. The main purpose of this paper is devoted to study this question.
2. Main result
In this note, our main result is the following theorem.
Theorem 2.1. LetA,B be unital algebras over a 2-torsion free commutative ringR, andM be
a unital (A,B)-bimodule that is faithful as a leftA-module and also as a right B-module. Let
U = Tri(A,M,B) be the triangular algebra. Then every Jordan derivation fromU into itself is
a derivation.
As a notational convenience, we write P =
(
1 0
0 0
)
and Q =
(
0 0
0 1
)
. To prove Theorem 2.1,
we need some lemmas. We assume that J is a Jordan derivation fromU into itself. The following
lemma, due to Herstein [9], will be used repeatedly.
Lemma 2.1. Let A be an algebra over a 2-torsion free commutative ring, and φ be a Jordan
derivation fromA into its bimodule. Then
(a) φ(AB + BA) = φ(A)B + Aφ(B) + φ(B)A + Bφ(A) for all A,B ∈A;
(b) φ(ABA) = φ(A)BA + Aφ(B)A + ABφ(A) for all A,B ∈A;
(c) φ(AXB + BXA) = φ(A)XB +Aφ(X)B +AXφ(B)+φ(B)XA+Bφ(X)A + BXφ(A)
for all A,B,X ∈A.
We remark that the condition (a) is equivalent to the Jordan derivation condition.
Lemma 2.2. If J is a Jordan derivation on an upper triangular algebra U generated by P =
P 2 ∈ U, then J (P ) = PT − TP with T = J (P ) ∈ U.
Proof. It follows from the fact P = P 2 that J (P ) = J (P )P + PJ(P ). This implies that
PJ(P )P = QJ(P )Q = 0. Thus we have from the fact QJ(P )P = 0 that
J (P ) = PJ(P )Q = PT − TP,
where T = J (P ) ∈ U. The proof is complete. 
J.-H. Zhang, W.-Y. Yu / Linear Algebra and its Applications 419 (2006) 251–255 253
Write J ′(X) = J (X) − [XJ(P ) − J (P )X] for each X ∈ U. Clearly, J ′ is also a Jordan der-
ivation from U into itself. It follows from Lemma 2.2 that J ′(P ) = J ′(Q) = 0.
Lemma 2.3. J ′(PA) = PJ ′(A) and J ′(AQ) = J ′(A)Q for all A ∈ U.
Proof. Since QAP = QJ ′(A)P = 0 for all A ∈ U, we have from Lemma 2.1(c) and the facts
J ′(P ) = J ′(Q) = 0 that
J ′(PAQ) = J ′(PAQ + QAP) = PJ ′(A)Q. (1)
It follows from Lemma 2.1(b) that
J ′(PAP ) = PJ ′(A)P and J ′(QAQ) = QJ ′(A)Q. (2)
Hence by Eqs. (1) and (2), we have for any A ∈ U,
J ′(PA) = J ′(PAP ) + J ′(PAQ)
= PJ ′(A)P + PJ ′(A)Q
= PJ ′(A)
and
J ′(AQ) = J ′(QAQ) + J ′(PAQ)
= QJ ′(A)Q + PJ ′(A)Q
= J ′(A)Q.
The proof is complete. 
Lemma 2.4. For every A,X ∈ U, we have
(a) J ′(APXQ) = J ′(A)PXQ + AJ ′(PXQ);
(b) J ′(PXQA) = J ′(PXQ)A + PXQJ ′(A).
Proof. (a) Since AP = PAP for all A ∈ U, we have from Lemmas 2.1(a) and 2.3 that
J ′(APXQ) = J ′(PAPXQ + PXQPA)
= J ′(PA)PXQ + PAJ ′(PXQ) + J ′(PXQ)PA + PXQJ ′(PA)
= PJ ′(A)PXQ + PAJ ′(PXQ)
= J ′(A)PXQ + AJ ′(PXQ).
Similarly, we can show that (b) holds. The proof is complete. 
Proof of Theorem 2.1. It suffices to prove that J ′ is a derivation. Let A,B ∈ U, it follows from
Lemma 2.4(a) that
J ′(ABPXQ) = J ′(AB)PXQ + ABJ ′(PXQ) (3)
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for all X ∈ U. On the other hand, we have Lemma 2.4(a) and the fact BP = PBP that
J ′(ABPXQ) = J ′(A)BPXQ + AJ ′(BPXQ)
= J ′(A)BPXQ + A[J ′(B)PXQ + BJ ′(PXQ)]
= J ′(A)BPXQ + AJ ′(B)PXQ + ABJ ′(PXQ).
This and Eq. (3) imply that
[J ′(AB) − J ′(A)B − AJ ′(B)]PUQ = 0. (4)
Since PUQ is a faithful left PUP -module, we have from Eq. (4) that
P [J ′(AB) − J ′(A)B − AJ ′(B)]P = 0 (5)
for all A,B ∈ U. Similarly, we can obtain from Lemma 2.4(b) that
Q[J ′(AB) − J ′(A)B − AJ ′(B)]Q = 0 (6)
for all A,B ∈ U. It follows from Lemmas 2.1(a) and 2.3 that
PJ ′(AB)Q = J ′(PABQ) = J ′(PABQ + BQPA)
= J ′(PA)BQ + PAJ ′(BQ) + J ′(BQ)PA + BQJ ′(PA)
= PJ ′(A)BQ + PAJ ′(B)Q.
Hence for any A,B ∈ U, we have P [J ′(AB) − J ′(A)B − AJ ′(B)]Q = 0. This together with
Eqs. (5) and (6) gives us that J ′(AB) = J ′(A)B + AJ ′(B) for all A,B ∈ U. That is, J ′ is a
derivation from U into itself. The proof is complete. 
From Theorem 2.1 and the result of Christensen [7], we have the following corollary, which
was proved in [11] by a quite different method.
Corollary 2.1. LetN be an arbitrary nest on a complex separable Hilbert spaceH, and τ(N)
be the associated nest algebra. Then every Jordan derivation from τ(N) into itself is an inner
derivation.
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